We provide a precise description of the integer points on elliptic curves of the shape y 2 = x 3 − N 2 x, where N = 2 a p b for prime p. By way of example, if p ≡ ±3 (mod 8) and p > 29, we show that all such points necessarily have y = 0. Our proofs rely upon lower bounds for linear forms in logarithms, a variety of old and new results on quartic and other Diophantine equations, and a large amount of (non-trivial) computation.
Introduction
If N is a positive integer, then N is a congruent number, that is, there exists a right triangle with rational sides and area N , precisely when the elliptic curve
has infinitely many rational points. In this paper, we will address the question of whether curves of the shape E N possess integral points of infinite order, provided we know they have rational points with this property. We will concentrate on the case when E N has bad reduction at no more than a single odd prime, i.e. where N = 2 a p b for a and b non-negative integers and p an odd prime. In this situation, we have a reasonable understanding of whether or not the Mordell-Weil rank of E N (Q) is positive or not. Additionally, a number of recent papers [10-12, 15, [25] [26] [27] [28] have considered precisely this situation. In [11] , by way of example, an algorithm is given for solving such Diophantine equations for a, b and p fixed, based upon conversion of the problem to one of solving certain unit equations over biquadratic fields; our Theorem 1.1 makes this essentially a trivial problem. The papers of Draziotis [10] and Walsh [26] consider (in case a = 0) the situation more general than that of [11] , where b is allowed to vary. The latter sharpens and generalizes the former, providing, given p, precise upper bounds for the number of integers x, y and b for which
where the paper at hand will vary from [10, 26] is that our emphasis will be more on obtaining a complete classification of all (p, a, b) for which E N (Z) contains nontorsion points, than on finding bounds for the number of solutions corresponding to a given p. For a = 0, this essentially follows from combining the results of [4, 26] .
As we shall see, the case a > 0 presents a number of interesting subtleties which we feel will make our more general deliberations worthwhile. Indeed, most of the work in this paper will be concerned with treating certain families of Diophantine equations that arise for positive a.
From now on, we will fix p to be an odd prime number, and a and b to be non-negative integers. Since E N is rationally isomorphic to E m 2 N for each non-zero integer m, and since both E 1 and E 2 have rank 0 over Q (and E N (Q) tors Z 2 × Z 2 in all cases; see, e.g., [18, Lemma 4 .20]), we may suppose, without loss of generality, that b is odd. We are interested in describing the integer solutions (x, y), with, say, y > 0 to the Diophantine equation:
Following the terminology of [26] , a solution (x, y) (with y > 0) to (1) will be called primitive if both min{ν 2 (x), a} ≤ 1 and min{ν p (x), b} ≤ 1 and imprimitive otherwise. Clearly it suffices to determine all primitive integer solutions. Indeed, imprimitive solutions to (1) necessarily arise from primitive solutions to u
via multiplication of u and v by suitable powers of 2 and p. We note that primitive solutions to (1) correspond to S-integral points on E p and E 2p , where S = {2, p, ∞}.
As we search over odd primes p, and integral a and b, we find a number of triples that satisfy (1) . For example, we have the following solutions we will deem sporadic; in each case b = 1. Next, we encounter solutions in a number of families, many of which are, presumably, infinite. Again, in each case, we have b = 1. The variables r and s denote integers:
Our main result is the following. 
If p ∈ {3, 5, 11, 29}, then all primitive integral solutions to Eq. (1) with y = 0 have b = 1 and (p, a, x) in the following set: (3, 1, 12) , (3, 1, 18) , (3, 1, 294) , (3, 3, 25) , To obtain Corollary 1.2 from Theorem 1.1, note that solutions to Eqs. (3)- (6), (8) and (9) necessarily have p ≡ 1 (mod 8), while those to (7) have p ≡ ±1 (mod 8). The observation that solutions to (10) have p ≡ 1 (mod 16) or p ≡ 7 (mod 16), depending on the choice of + or − sign, completes the proof of the corollary.
It is worth commenting at this point that all primes p ≡ 5, 7 (mod 8) are congruent numbers, so that E p (Q) is infinite for such primes, while the same is true for 2p (and hence E 2p (Q)), when p ≡ 3, 7 (mod 8). This follows from results of Monsky [21] (see also [7, 8, 16] ), obtained via careful analysis of mock-Heegner points.
A cursory examination of the families (3)-(10) makes it clear that, given a prime p, determination whether or not there exist non-trivial integer solutions to the corresponding equation (1) is a routine matter, except possibly for families (6) , (8) The outline of this paper is as follows. In Sec. 2, we list a number of classical and modern results from the theory of Diophantine equations to which we will appeal in the course of proving Theorem 1.1. Section 3 consists of an elementary (and rather painful) case-by-case analysis required to reduce the problem of solutions to (1) to (2)-(10). On first consideration (and, for that matter, subsequently), the reader might wish to omit much of this section. In Sec. 4, we focus our attentions on a family of Diophantine equations related to (9), applying an assortment of local arguments together with state-of-the-art lower bounds for linear forms in logarithms of algebraic numbers. Sections 5 and 6 consist of heuristics, data and occasional proofs of results pertaining to the sets of primes p for which Eqs. (3)-(10) have solutions.
Preliminary Results
We begin by stating some results regarding Diophantine equations that will prove useful in the sequel. The first is essentially an old result of Ljunggren [19] and Mordell [22, 23] , but is most readily found as Théorèmes 2.1 and 2.2 of Samuel [24] -the proof is elementary but not easy.
Proposition 2.1. If p is prime and δ ∈ {0, 1}, then the only solutions in positive integers to the Diophantine equation
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If p is prime, then the only solutions in positive integers to the Diophantine equation
Continuing with the theme of quartic Diophantine equations, we will have need of Theorem 1.2 of the author and Walsh [6] which we state as the following.
Proposition 2.2. Let b, d > 1 be squarefree integers and suppose that
T + U √ d denotes the fundamental solution to the Pell equation X 2 − dY 2 = 1, and, for k ≥ 1, that integers T k and U k satisfy T k + U k √ d = (T + U √ d) k . Define the rank of apparition α(b) of b in {T k } to be the smallest positive integer k for which b | T k . If, for all k, b fails to divide T k , we set α(b) = ∞. Then the Diophantine equation b 2 x 4 − dy 2 = 1
has at most one solution in positive integers x and y. If such a solution exists, then we necessarily have bx 2 = T α(b) .
Next we require Proposition 8.1 of the author and Skinner [5] ; it is obtained, basically, by specializing a more general result on solutions to a n + b n = 2c 2 .
Proposition 2.3. The Diophantine equation
has only the solutions (x, y, n) = (1, 1, n) and (x, y, n) = (78, 23, 3) in positive integers x, y and n with n ≥ 3.
We will also appeal to a theorem of the author, Ellenberg and Ng [4] . This is, in essence, a technical appendix to earlier work of Ellenberg [13] who obtained a like result for the first of these equations with n > 211 prime.
The final result of which we will have use is a recent theorem of the author, Dahmen, Mignotte and Siksek [3] . 
Case-by-Case Analysis
A number of the cases we will consider here have been treated in [26] ; we include full details in the interest of keeping our exposition reasonably self-contained. Let us begin by supposing we have a solution in non-zero integers x and y, non-negative integer a, odd positive integer b, and odd prime p, to Eq. (1). Write x = 2 α p β x 1 , where α and β are non-negative integers, and x 1 is coprime to 2p. Notice that if α = a, then from (1), α is necessarily even, while β = b similarly implies that β is even. A priori, there are nine cases to consider depending on the sizes of α and β, relative to a and b, respectively. We must also treat positive and negative values of x separately. Since we will restrict our attention to primitive solutions, we may suppose further that min{α, a} ≤ 1 and min{β, b} ≤ 1.
(13)
Case 1: α < a, β < b
In this situation, from (1) it follows that both α and β are even and hence, from (13), α = β = 0. There thus exists a positive integer y 1 such that
If x 1 < 0, then there is a positive integer c such that
a contradiction modulo 4. We may thus suppose that x 1 > 0, whereby there are positive odd coprime integers c, d and e such that
and hence
In the first of these cases,
and so, from the third equation in (15), 
In case (18), 
Case 2: α > a, β > b
If α > a and β > b, again (1) implies that both α and β are even, while (13) yields a ∈ {0, 1}, b = 1, and so 
Case 3: α < a, β > b
Once more α and β are even, whereby α = 0, b = 1 and hence there is a positive integer y 1 for which
If x 1 < 0, then there necessarily exists an integer c with
a contradiction modulo 4. If, however, x 1 > 0, we may find odd positive coprime integers c, d and e for which
We thus have
and so
whence, from (21) and the fact that β − 1 is odd,
If (u 1 , v 1 ) are the smallest positive integers such that u 
expanding by the Binomial Theorem yields the expression
Since (22) implies that p ≡ 1 (mod 8), it follows that ν 2 (u 1 ) = ν 2 (u 2j+1 ) for each j = 0, 1, 2, . . . , and thus, from (22) , that
Here
If a is even, we can say more. Indeed, if a = 2k + 2 is even, then, from (22) 
a contradiction. We may thus assume that n 1 = 1 and so either
we thus have
whereby we find that k = 2. This leads to the triple (p, a, x) = (41, 6, 42025) in (2). The remaining solutions to (22) correspond to Eq. (6).
Case 4: α > a, β < b
Yet again, both α and β are even, so a ∈ {0, 1} and β = 0. There thus exists a positive integer y 1 such that
If x 1 > 0, then arguing as previously, we obtain a contradiction modulo 4. We may thus assume x 1 < 0 and hence the existence of positive odd coprime integers c, d
and e for which
If a = 0, then factoring we find that
Substituting these into the final equation of (24), we thus have
and so p b ≤ 5. We check that the only solution with a = 0 is thus with (p, a, x) = (5, 0, −4), as in (2).
M. A. Bennett
We now turn our attention to the situation where a = 1. In this case, from
it follows that there exist positive odd coprime integers f and g such that
Conversely, a solution to Eq. (25) with f and g odd and coprime and both α − 1 and b odd and positive leads to a solution to (23) with
Applying Proposition 2.4, we may thus conclude that b = 1 in Eq. (25), whereby, since α is even, we are led to (3).
Case 5: α = a, β < b
We have β = 0, a ∈ {0, 1} and so
for y 1 ∈ Z. If a = 0, then if x 1 > 0, we have
for positive coprime integers c, d and e. Factoring the difference of the second and third equations implies that
whereby, after a little work,
Applying Proposition 2.3, it follows that b = 1 and hence we are led to Eq. (7).
Here, x 1 = c 2 . If we suppose that a = 0, but x 1 < 0, then we have
for positive coprime integers c, d and e. Adding the second and third equations, we find that c 2 + e 2 = d 2 and hence that there exist coprime positive integers f and g such that
and e = 2f g and so
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Conversely, such a solution implies one to (26) with
The fact that this equation has no solutions with b ≥ 3 (and hence that we have a solution to (4) ) is an immediate consequence of Proposition 2.4 and the observation that
Let us next consider the case where a = 1. If x 1 > 0, from (26) we have that
for coprime positive c, d and e. We deduce the equalities c − 2e = ±1 and c + 2e = p b , whereby we find that
with
An immediate application of Proposition 2.5 gives, in this case, the desired result.
If a = 1 and x 1 < 0, then there are positive coprime integers c, d and e with
or
If we have (30), then d 2 − c 2 = 2e 2 and so there exist coprime positive integers f and g with
The fact that 2d 2 − c 2 = p b thus implies that
and so Proposition 2.4 leads us to conclude that b = 1, whereby we have a solution to (5) . Finally, let us suppose that we are in case (31). Then from
we find that
Substituting this into the final equation of (31), we thus have
It is easy to check that this implies only the solution (p, a, x) = (3, 1, −2) found in (2), again with b = 1.
Case 6: α = a, β > b
We have that β is even, b = 1, a ∈ {0, 1} and so
for some m ∈ Z, it follows that necessarily a = 1, and hence that
for c, d and e positive and coprime. We thus have
Via Proposition 2.2, it follows that if we define
, where α(p) denotes the rank of apparition of the prime p in this recurrence sequence. Here, x 1 = c 2 . Since we always have u k ≡ 1, 3 (mod 8), the same is true for p. If p ≡ 3 (mod 8), then factoring yields the existence of positive integers f and g with f odd, for which
We thus have that 2f − 1 = (2h + 1) 2 for some integer h, whence
Solving this equation via, say, Magma (see [9]), we find that (|g|, h) ∈ {(1, −1), (1, 0), (7, −2), (7, 1)}.
These lead to the solutions (p, a, x) = (3, 1, 18) and (11, 1, 2178) to Eq. (1) (each with b = 1), as listed in (2) . The cases with p ≡ 1 (mod 8) lead to family (8) .
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Case 7: α < a, β = b
From the fact that α = 0, b = 1, we deduce the existence of a positive integer y 1 for which
If x 1 > 0, then there are coprime integers c, d and e for which
whence c 2 − e 2 = ±2 a and so c = 2 a−2 ± 1 (necessarily a ≥ 3). It follows that either
The latter of these is just Eq. (9); all solutions satisfy
In case (35), we note the factorizations
and
Since the factors on the right-hand sides of these equations are coprime, and since
it follows that a solution to (35) necessarily has a odd, say a = 2k + 3 with k positive, and hence either
for t a positive integer. Then 2 k+1 necessarily divides one of t ± 1. If t > 1, it follows that t ≥ 2 k+1 − 1 and so
whereby k ≤ 2. If t = 1, we have k = 1. In any case, after a little work, we are led to conclude that the only solutions to (35) are with a ∈ {5, 7}, corresponding to (p, a, x) = (17, 5, 833) and (17, 7, 16337) in (2) . If x 1 < 0, then we have c, d and e as usual, with
where δ ∈ {0, 1}. If δ = 0, we find that d 2 − c 2 = 2 a and so c = 2 a−2 − 1. Thus
and hence 3 ≤ a ≤ 4. These two possibilities correspond to (p, a, x) = (7, 3, −7) and (7, 4, −63) in (2), respectively. If δ = 1, then from c 2 + e 2 = 2 a , it follows that c = e = a = 1 and so we obtain the solution (p, a, x) = (3, 1, −3) . As previously, we have α even, b = 1, a ∈ {0, 1}, and hence a positive integer y 1 with
whereby x 1 > 0 and hence
for positive c, d and e (so that necessarily a = 1). We thus have
with x 1 = c 2 . By Proposition 2.1, this implies that p ∈ {3, 7} with corresponding solutions (2 α−1 c 2 , |de|) = (2, 1) and (8, 3) , respectively. These lead to the triples (p, a, x) = (3, 1, 12) and (7, 1, 112) found in table (2). 
with p > 2 prime, then either s = 1 and (p, a) is one of To prove this, we will begin by supposing that there exist positive integers s and a with a ≥ 3, and a prime p so that Eq. (38) Let us define (U, V ) and (m, n) to be the smallest positive integers satisfying
It is easy to show that U ≡ 1 (mod 8) and V ≡ 0 (mod 8) and moreover that all solutions to u 2 − pv 2 = 8 in positive integers u and v satisfy
for some choice of sign and non-negative integer k. It follows that such solutions have u = u n , v = v n where u n and v n satisfy the recursions 
if U ≡ 1 (mod q).
To illustrate how we can use this information, let us consider the case q = 5. First suppose, for a given prime p, we know that V ≡ 0 (mod 5), U ≡ 1 (mod 5) and m ≡ 3 (mod 5).
Then it follows from (43) that 2 a−2 ≡ 0 (mod 5), a contradiction. This serves to eliminate 41 further primes up to p < 10 6 (starting with p = 3089). Similarly, if we have V ≡ 0 (mod 5), U ≡ ±1 (mod 5) and m ≡ ±3 (mod 5) (the latter two conditions being a consequence of the first congruence for p ≡ ±1 (mod 5)), then we deduce that 2 a−2 ≡ 4 (mod 5) and so a ≡ 0 (mod 4). In many cases, the fact that Up to 10 6 , this argument enables us to eliminate 95 more primes. Analogously, if 5 | V and m ≡ ±0 (mod 5) or m ≡ ±1 (mod 5), then we have a ≡ 3 (mod 4) and a ≡ 1, 2 (mod 4), respectively. These facts take care of 10 and 7 more primes up to 10 6 , respectively. Often, we must work rather harder. For instance, in case p = 593, we observe that V is a multiple of 4933, while U ≡ −1 (mod 4933). From (39), (41) 
